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NOTICES

When Government drawings, specifications, or other data are used
for any purpose other than in connection with a definitely related Govern-
ment procurement operation, the United States Government thereby in-
cursnoresponsibility nor any obligation whatsoever; and the fact that
the Government may have formulated, furnished, or in any way supplied
the said drawings, specifications, or other data, is not to be regarded
by implication or otherwise as in any manner licensing the holder or
any other person or corporation,or conveying any rights or permission
to manufacture, use, or sell any patented invention that may in any way
be related thereto.

The information furnished herewith is made available for study
upon the understanding that the Government’s proprietary interests in
and relating thereto shall not be impaired. It is desired that the Judge
Advocate (WCJ), Wright Air Development Center, Wright-Patterson
Air Force Base, Ohio, be promptly notified of any apparent conflict be-
tween the Government’s proprietary interests and those of others.
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FOREWORD

This report was prepared by Dr. Clarence Ross, Project Scientist, Computation
Branch, Flight Research Laboratory. Work was completed under RDO No. 468-1, Compu-
tation Services. The opportunity to write the report was due in part to the delay
in delivery of OAPAC from Syracuse, New York. Because the elements tabulated were
left in fraction form it was necessary to carry out a considerable amount of hand
computation. Valuable assistance was afforded by Mr. Carl S. Fluke. Mr. Frank M.
Williams and Rice P. White, Jr., A/lc checked most of the results.
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ABSTRACT

A systematic method of constructing formulae, together with error
terms, is given for use in interpolation, extrapolation, differentiation,
and integration. Both closed and open typz formulae are developed, using
ordinates, and based on Lagrange’s interpolation formulae for equal inter-
vals. The procedure was suggested by Professor H. H. Aiken several years
ago at Harvard University. The whole procedure may be extended easily to
obtain cubature formulae and formulae used for surface fitting.

PUBLICATION REVIEW

This report has been reviewed and is approved.

FOR THE COMMANDING GENERAL:

. WILLIAMS
, USAF ’ o
Chief, Flight Research Laboratory

WADC TR 52-183 ' , iii




CONTENTS

LaGrange’s Interpolation Formula,
Differentiation Formulae,
First Order .
Second Order,

Third Order .

Fourth Order.

Fifth Order .

Sixth Order .

Seventh Order .

Eighth Order.

Ninth Order .
Quadrature Formulae .
Open Quadrature Formulae.

One Strip .

Two Strip .

Three Strip . . .

Four Strip,.

Five Strip.

Six Strip .

Seven Strip .

Eight Strip .

Nine Strip. .

Ten Strip .

Closed Quadrature Formulae.

One Strip .

Two Strip .

Three Strip .,

Four Strip,

Five Strip.

WADC TR 52-133

v

Page

.10
14
17
.20
.22
.25
.27
.28
.29
.33
.33
.34
.35
.36
.37
.38
.39
.40

.40 -

.41
.41
.41
.42
.43
44
.44



Six Strip .
Seven Strip .
Eight Strip . .

‘Nine Strip. . . . . . . . .
One Strip (high accuracy) . .

Application of Formulae .

References. . . . .

WADC TR 52-133

.45
.46
.46
.47
.41
.50
.51




LAGRANGIAN INTERPOLATION

The purpose of this paper is to apply Lagrange's interpclation\
formulae 1, 2, 3, 4 tc derive polynomial approximating formulae (using
ordinates) for interpolatioh, differentiation, and integrétion, Many
of these formulae appear in the literature® in terms of differences. Of
course these differences may be expressed in terms of ordinates and in a
sense the formulae which appear here are a recapitulation of elementary
formulae fcund in Numerical Analysis. However, the simple derivationsﬂ
given here admit easy extensions to new formulae of great accuracy (ex—
clusive of round-off error) to be used in connection with large scale
high speed digital calculators. The number of ordinates employed in the
formulae are indicated in the tables and include as many as ten.

LAGRANGE'S INTERPOLATION FORMULA

- The following assumptions are made and the notation is more or less
standard. '

v <

Jol Ya] V2 ' Y175,

xl Xo X1 Xg . X X, = Xo + sh
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(a)
(b)
(c)
(d)

(e)

(f)

X = Xo + uh, y, = y(xo + sh) = y(x,).
s, a, b are integers.

a

Ia

u

IA

b, where u may be integral or not.

3

1

n b-a + 1 is the number of points through which the
approximating polynomial (1) passes.

£ lies between the smallest and the largest of the set x,
where s -~ a =90, 1, 2,..., n.

y(»*1) (£) is familiar notation for the (n + 1)st derivative

evaluated at x = &.

Lagrange's formula may be written

(1) y(x)
C,(x)
(2) R(x)
¢(x)

"
o

b
= Z C,..(x) y(x) + R(x) where
s=a

(x—x,)¢'(x,) (u-s)¢'(s) ’

and

Wt g(u) yiatl). (&)
(n +1)!

+ Also by definition

‘ n
(x + ah - x,) = b**1 T (u-s)=ho*1é)
a s=0

)

Proof of (1).

b
Assume y = }: v, ji:) + R(x). Then for any particular

s=a

s (an integer) we have
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y, = v, lin ¢(x)

s XX X~ X B W8¢'(Xs). Hence

ys
Ve ¢' (x

) which leads to (1).

Proof © of (2).

. . _ pey #(2)
Write f(z) = R(z) - R(x) )

It follows that f = 0 at z = x, x

fors-a-=0,1, 2, 8,..., n. Hence by Rolle's theorem ’ f(r*})(z) = 0.

Also it is apparent that ¢{®*1)(z) = (n + 1)! Consequently

(n+1)!

e S© that R(x) = ¢(x) RO*L) (£

(n +1):

0 = R(e*1) (£) - R(x)

Now by (1)
R(n*1) (£) = y(n+1)(g) which proves (2).

If b <uoru«<athen (1) may be used to extrapolate y if we accépt
the error produced by taking & in (2) to lie in the interval between the
least and greatest of the set x, x, and again where s - a = 0, 1, Byveey Mo

DIFFERENTIATION FORMULAE

By differentiating (1) and substituting x ='x¢ where t is a par-
ticular s we get
1 b
(8) y'(x,) = D) C...¥, + R'(t) where

S-avs
sS=
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hag’ (1) y(»*1) (&)

In order to prove (4) consider (2) which may be written

y(n+1)(g)

RO = 90yl x,) - sinee Ty

is a function of the set x, x,

where s -~ a =0, 1, 2,..., n. Hence R' = ¢’y + ¢y’ and since

¢(x,) = 0 and ¢'(x) = hotl gf . QE = hn ¢'(u) we have (4).
u dx
In order to simplify the remainder terms the derivative formulae
are tabulated at the given ordinates only. Moreover not all these are
tabulated since some may be implied. For example the 29 first deriva-
tive formulae imply 25 more. Indeed for s # t we have

‘ ; ¢(u) ¢,
C' t = l Ny . _1_ .
C (1) gt ) (es)  ts g v o
lin XS $(u)
lim ——

wn—s ¢() 'uiéft (u-n+t) (u-nt+s)

Cl.,a (n-1)

lim XM ¢{nu)
un-s ¢(n-u) ‘uw-n-t (u-n+t) (u-n+s)

- lim —= . -¢(u) 1 ¢

ws ¢(u) T wt (u-t) (oms) t-s " ¢l "

Hence C (t) = - C._, (n - t). The diagonal elements obey this relation

also since
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n

it C. (t) + z C..,(n-1t) =0.

=0 §=0

/2]

In order to obtain higher order differentiation formulae we may

1
differentiate y' = b C... ¥s » Omitting the remainder for a moment.

Here y’' and y, are vectors while C,_,

is a square matrix of order n + 1.
Hence in general

(6) yi) = & C v,

The remainder is obtained by differentiating R(x) = ¢(x) y &, x,).
as before. We have in generai, using symbolic notation,
(8) R(")(x)}= [¢(x) + yii, x, )10,
Only the first term of R(")(xivisretained i.e.R(“)(x) ? ¢ (x) y(x, x,f
unless this perm vanishes.i If ¢(“)(x)i= 0 then obviously the qrder of
R(»)(x) is multiplied by h and is so indicated.

The implied‘differentiation formulae are obtained by using the

relation C{®) (t) = (-1)»*1 C{®)(n-t).
,.¢Xn).
(n+1 )!

In the tabulation below r{®) =

WADC TR 62-133 5
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QUADRATURE FORMULAE

We may obtain quadrature formuiae,by integrating (1) to get

b+1 b . ,
(7) .J ydx = h z: C* .y, + R* where
(8) R* <

b-

3

het2 y(;x+1) (&) [

(n +1)! X ‘¢(u +n) du

(unless the last integral Vanishes) and where

cr =.I 1 1 I n+tl  ¢(u) du

C.(u+mn)du=— .
x Y n-k voE

In order to prove (8) consider again -
R(x) = ¢(x) Y(x,-x;)'from ﬁhich‘; |

1
R* = h»*2 I ¢(u +n) y(x, xg) du

u=—k

, n . < ..‘ R “ .
Now ¢(u + n) = sgo (u + s) which is monotonic increasing for u > 0.

By the Mean Value Theorem we may therefore write

{n+l) : ‘
Z_?H_:féé%l ;J ¢(u + n) du where

0 < & < 1. Again by Rolle's Theorem since ¢(u + n) ‘is continuous and ..

1 : o
_J ¢(u +n) ylx, x ) du =

vanishes at u'= 0, -1, there is a'point —1_2 nA<’O‘Such?tHat‘¢'(u + n) %.Q.
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Consequently in the interval n < u < 0, ¢(u + n) is monotonic increasing
© so that we may write

° (n+l) (g °
J ¢(u + n) y(x, x,) du = Z—TEF:—%%%l J ¢(u + n) du where
, . ) 7
n

n <& <0. If y(a*1) (£) is the larger of y(»*1) (£,), y(»*1)(£,) then
we may write

(n+1l) (g 1
y &) J ¢(u + n) du where

1
I ¢(u + n) y(x, x.) du < Lt

n

>n <& <1, . _
Continuing for the interval -1 < u < 7 we find that ¢(u + n) is
monotonic decreasing so that we may write

(n+1)
Jﬂ ¢(u + n) y(x,x.) du = Xz;—:—{%il- Jﬂ ¢(u + n) du where

-1 -1
-1 < &4 < n. Therefore we may write

1 1 Y
J;i ¢(u + n) y(x, x.) du = TYERY [y(n+D) (5,)‘I_1 +

° (n+1) 1
ye*rl) (g,) J +ya*h) (g,) _Il 1 < Z{;;{jrgil J ¢(u + n) du
n o ' A

‘where -1 < £ < 1 and ya*D) (£) is the largest of y{»*1) (£,), y(n+1) (g ),
y(r*1) (£.). Since the polynomial ¢ vanishes at -u = 0, 1, 2,..., n we
find (8) by continuing in this way. '
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1 ;
The condition;J ¢(u + n) du 5 0 cannot be relaxed. However because

-k
of this condition no formula will be lost. For consider

’ - ottt ¢w)du ot ¢(u-1) du
s-1, n-1 “a-1, »-1 © . (u-s+1) (u-n) -;J (u-s) (u-n-1)
n-k-1 n-k
n+l -
= J ) fﬁEl_éE . Hence we have
u(u-s)

n-k

¢; C: - S ¢;-1, n-1 C

. P! ¢(u) s ¢(u)
s-1, n-1 J [ —" -

- s - u(u-s)
n-k

. I“+; ¢(u) du

= .0

“n-k

~and’sin¢e S ¢..1 n-1

(9) C* = Yo C* + C*
s ¢; o s-1,

The C:_l. a-1 Tefers to that value immediately above C_, in the tables

below. Of course

1
¢; (054 =_I ¢,.1 (u + n) du where the integral is on the line
—k ’

immediately above C3 in the tables. If this integral vanishes we have

C* = C:'l,

a-1 by (9), for s #0, and therefore the formula is repeated.
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It is easy to see that this integral cannot vanish twice in succession.
By taking 1 = 1 we obtain open quadrature formulae and by taking

1 < 0 we obtain closed quadrature formulae. Because of symmetry the

implied quadrature formulae double to number of formulae listed below.

For example if~C: is repiaced by C;_, in a formula, for extrapolating

ahead we shall replace it by one which extrapolates backward. The
remainders may be different because the intervals are different for E&.
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g(u+n)du
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1

n+1
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_243 141669 25713
89600
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10 89600

95.

The following formulae are self-explanatory.
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APPLICATION OF FORMULAE

Desirable closed formulae are easily seen to be No's 64, 78, 88,
and 94. Some caution should be used when the 8-strip formula is employed
for since some of its coefficients are negative the round-off error may
appear excessive. Although some of the coefficients are negative, never—
the-less, open formulae No's 27, 40, 49, and 54 show considerable appeal.
For example No. 40 was employed in A.F. Problem No. 19 at Harvard Com—
putation Laboratory.
Very little can be said in favor of increasing the error in order
to simplify the coefficients when the numerical operations are performed
on a large scale digital electronic calculator. Consequently Weddle's
Rule, Hardy's Formula, Shovelton's Rule, etc. will not be introduced here.
Often it is necessary to change the mesh interval when integrating
a system of differential equations. Formula (1) may be used to generate
a set of formulae to cut such an interval. Obviously no special formulae
are necessary to double an interval.
It is interesting to note that by decreasing the mesh size indefinitely
and at the same time keeping all the ordinates (an infinite number in a
finite interval) we are led to the cardinal interpolation function mentioned
in AFTR No. 6581 by F. W. Bubb.
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